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Fig. 3 Mass transfer for Py = 1.0 atm, § = 0.7.

gime is shown by a vertical, solid line. This was determined
from mass-loss data supplied by a manufacturer of BN at
1.0 atm and with low-velocity air flow. It simply represents
the temperature at which the weight-loss curve increases
rapidly with temperature. The location of this point relative
to the B;0; saturation curve in Fig. 2 indicates a.major part
may be played by the oxide in protecting the surface at the
lower temperatures, since the rate regime was determined
from experimental data at 1.0 atm. Increasing the Schmidt
number from 0.5 to 0.7, greatly reduced the effect of the
weighting factor Ur/ Uz on the mass-transfer parameter.

The heat transfer is presented in terms of a parameter,
—24./pauCy, as a function of wall temperature. Under the
sign convention adopted, the negative value of the parameter
is the heat that must be supplied to the wall to maintajn the
wall temperature. The heat-transfer calculations do not
consider the possible condensation of BsOs or boron.  For the
heat-transfer data presented here, the freestream temperature

"was taken as 587°R, and the kinetic-energy term in the en-
thalpy difference was neglected. The results are given in
Fig. 4 for two pressures, 0.01 and 1.0 atm, two values of the
weighting factor Uz/Ug, and for P = 0.8 and 8 = 0.5. The
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Fig. 4 Heat-transfer parameter for Pr; = 0.01 and 1.0
atm, P = 0.8, and S = 0.5.
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relatively high slopes of these curves result from a decreasing
contribution to the heat-transfer parameter from combustion
and an increase in the decomposition rate with increasing
wall temperature.
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Specular and Lambert Reflection
Problems in Radiation Dynamics

SrepHEN N. FALkEN® anp CrENG-Ting Hsut
Towa State University, Ames, Towa

I. Introduction

IN space that is free of the gravitational and geomagnetic
fields of celestial bodies, vehicles will still experience exter-
nal forces such as those due to solar radiation. For space mis-
sions requiring precise trajectory control, the effects of these
external forces must be accounted for. Cotter! and Dugan?
have surveyed the dynamics of solar sails under the condition
of specular reflection. Specular reflection is a simple, mirror-
like reflection, which corresponds to no interaction between
the radiation and the surface. Another simple reflection,
which does not require a model used for interaction, is the
Lambert reflection. - The Lambert process, which diffusely
reflects the incident radiation uniformly in all directions, con-
trasts with the specular process as two rather extreme limits
in reflection processes. The present note aims to compare the
dynamic effects on bodies due to these two limiting cases.
The lift and drag coefficient of a flat plate, a circular cylinder,
and a sphere in a parallel, incident radiation field will be
evaluated for comparison.

II. Dynamic Forees in a Radiation Field

The energy and momentum contained in a volume V of an
electromagnetic field in empty space may be written in gaus-
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sian mixed units as®
U= (1/8n)f(E2+ HY)dV D
m = (1/4wc) f(E X H)dV 2

respectively. The electric-field strength, magnetic-field in-
tensity, and speed of light are denoted by E, H, and ¢,
respectively. In this case, £ and H are orthogonal and of
equal magnitude.?* Hquations (1) and (2) are related by

m = (U/e)F 3

where 7 is a unit vector in the direction of the wave propaga-
tion. It follows that the radiation force exerted per unit area
of a surface element do is
f= lim

d

g, dt — 0

[(1/)(dU/dodt)T] (4)

The integrated intensity of radiation over the entire fre-
quency spectrum for parallel, incident beams on do may be
defined as

Io = lim (dU/do cosb, di) (5)
do, dt — 0

where 6 is the acute angle between the direction of incident
rays and the inward normal from the surface ds as shown in
Fig. 1. The integrated intensity of diffusely reflected radi-
ation from do over the entire frequency spectrum is defined*

as
1,06, ¢) = lim

de, dt, do—0

(dU/do cosf dt dw) (6)

where @ is the acute angle between the direction of reflected
rays and the outward normal 7 from do.  dw = sinf df d¢ is
a small solid angle pointing at an arbitrary direction from
do. Thus, in terms of the intensities, the radiation force
per unit area may be written as

Jo = (Ts/c) cosbiF(6', $) (M

for parallel, incident rays, and

fo = (L/o)ff1.(0, $)F(8', $) sinf cosfdfde (8)

for diffusely reflected rays. In Eqgs. (7) and (8), the unit
vector

7(0', ¢) = icosf’ + Jsin6’ sing + £ sing’ cos¢p  (9)

is referred to the rectangular coordinates z, y, and z as shown
in Fig. 1. Note that 8’ = 6, is an acute angle for parallel
incident rays and that 8’ = = — 8 is an obtuse angle for re-
flected rays. Resolving these radiation forces along each
of the rectangular coordinates, respectively, one obtains the
radiation pressure and shear from Eq. (7), for parallel, inci-
dent rays,

Po = (lo/c) cos?bs (10a)
(Tzy)o = (To/c) cosbs sinby singg (10b)

(12200 = ([o/c) cosby sinfy cosey (10c)

and from Eq. (8), for diffusely reflected rays,

_ l 27 /2 s .

poo= fo fo‘ 140, ¢) o0 sing d0dg (11
R N

(radr = fo fo 1,00, $) cosf sin? singdbde (11b)

RN N A AT, 6 sin® cospdbde (11
(Tos)r = ch fo (0, ¢) cosf sin2f cospdbde  (1lc)

where the integration limits of § = 0 to /2 and ¢ = 0 to
27 have been inserted. In the preceding discussion, the
interaction between the incident and reflected rays has been
neglected, since the cross section for the scattering of light by
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light is extremely small®$ in the absence of external fields.
The total pressure and shear acting on do and resulting from
all the incident and reflected rays may be expressed in forms
as, for example, in free molecule flow theory

P: = po+ pr Te=To— Ty (12)

where the subscripts 0, 7, and ¢ denote the parallel incident,
reflected, and total values, respectively.

Now consider a surface element do of an arbitrary body
shape in Fig. 1. Let the incident rays be parallel to the z-y
plane with ¢y = 7/2 and make an angle of attacki « with
the inward surface normal. The lift and drag forces acting
on do, defined in the directions normal and parallel to the
incident rays, respectively, may be expressed in terms of
p.and 7, as follows:

dFy, = (p,sine — 7, cosa)de (13)
dFp = (p, cosa + 7, sina)de (14)

1. Specular reflection

The reflected intensity is related to the incident one by
I, = My with 6, = 6, and ¢, = ¢ M\ is known as the
“albedo” or momentum reflectivity. The reflected pressure
and shear, in this case, follow the relationship of Eq. (10) and
are related to the incident ones by

pr = (I./¢) cos?8, = (Mo/c) cos®by = Apo (15)

7, = (I./c) cosB, sinh, = ()\Io/c) cosfy sinfy = Arq (16)
The total pressure and shear from Eq. (12), with 8y = «, are
pela, Ay = (1 + N){To/¢) cos’a (17)

(e, A) = (1 — N)(To/c) cosa sina (18)

Substitution of Eqgs. (17) and (18) into Eqs. (13) and (14)
yields, respectively, the lift and drag on do

dF1 = (Io/€)2\ costa sinads (19)
dFp = (Is/c)(1 + X cos2a) cosads (20)
N
I, T(6$)
I .
a;); dw= sin 8 dfdg
d8
9/
do JR= y
Y $
\
¢
z /}\
6" T(el¢)
L
X

Fig. 1 Spherical coordinate system in a radiation field.

1 Note that « = 6, is defined herein in accordance with the
convention of the incident angle 6, in radiation theory and differs
from that in conventional aerodynamics which is simply =/2 —
&,
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Fig.2 Lift and drag coefficients of a flat plate for perfectly
specular and Lambert reflection.

2. Lambert reflection

The diffusely reflected intensity is taken to be a constant in
all directions and is related* with the incident intensity by
I, = (Mpcosa)/m. Substitution of I, into Eqgs. (11) yields

P, = (2\, cosa)/3c¢ (Toy)r = (Tes)r = 0 (21)

In a similar manner, one obtaing

(e, N) = (lo/c) cosafcosa + ZN] (22)
7)) = o/c) cosa sina (23)
dF. = (2I/3¢)\ cosa sinade 24)
dFp = (Iy/c) cosa[l + 2N cosalde (25)

III. Application to Several Body Shapes
Since the incident radiation always impacts on a moving
body with the relative velocity of light because of relativistic

consideration,® « remains constant despite the motion of the
body.

Flat plate

Defining the lift and drag coefficient as Cr,p = (Fz,n/0)/
(Io/c) where o is the flat-plate area, one obtains C and Cp
from Eqs. (19, 20, 24, and 25) for the following reflection
processes:

Specular
Cila, \) = A sin2«a cosa (26)
Cola, \) = (1 + X cos2a) cosa 27
Lambert '
Crla, \) = £\ sin2a (28)
Cola, A) = [1 + A cosa] cosa (29)

Equations (26-29) are plotted in Fig. 2 for A = 1. Although
the lift and drag coefficients are linearly proportional to the
momentum reflectivity A, the specular reflection shows more
angular dependence of « than the Lambert reflection. Since
the incident pressure is the same for both reflection processes,
and the ratio of the reflected pressure for the specular case
to the Lambert case is 2 cose, the total pressure is higher in
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the specular case than in the Lambert case for o < 48.2°,
and vice versa. In addition, the total shear is always larger
for the Lambert case than for the specular case. These facts
together with the relationship expressed in Eqs. (13) and (14)
account for the lift and drag distribution shown in Fig. 2.
The drag coefficient for the Lambert case always increases
with A for any a < 90°, whereas, for the specular case, it
increases with A for a < 45° but decreases with increase in
A for o > 45° as seen in Eq. (27). However, the drag
coefficient decreases with increase in o« for both reflection
processes. At a = 90°, Cp = 0 for both processes since,
for radiation to exert a force, the radiative energy flux must
be able to hit on a surface. In the conventional sense, it
may be interpreted that radiation rays are frictionless.

Circular cylinder

The incident rays are considered in the direction per-
pendicular to the longitudinal axis (i.e., z axis) of the right
circular cylinder and are making variable angles of attack
with the inward normal (i.e., « axis) of the surface element.
The surface element do, in this case, may be written as
Rdadz, where R is the radius of the circular cylinder. De-
fining Cr and Cp as (F1,p/2RL)/(Is/c), where L is the length
of cylinder, and performing the integration for Eqs. (19, 20,
24, and 25) with the limit of @« = —90° to 490° and z = 0
to L, one obtains the following results:

Specular

Cr=0 Co(N) =1+ (\W/3) (30)

Lambert
Cr=0 Cp(N) =1+ (x\/6) (31)

The drag coefficients increase linearly with A, but the Lambert
reflection exhibits higher drag than the specular case for a
given A. It is because the resultant of the reflected Lambert
force always acts normally toward the body surface and re-
sults in a reflected Cp of #\/6, whereas the specularly re-
flected force may occur in a direction that reduces the drag
of the eylinder for a > 45°.

Sphere

Because of the axially symmetric property in this case, the
area element do under consideration may be taken as a ring-
shaped strip. The area of this strip is 27 R sina- R da, where
R is the radius of the sphere. Defining €'y and Cp as (Fr,pn/
*R?/(ly/c) and performing the integration for Egs. (19,
20, 24, and 25) with the limit of & = 0° to 90°, one obtains

Specular

CL=0 Cp =1 (32)

Lambert
Cr=0 Co(N) =14 (4N/9) (33)

For specular reflection on a sphere, the reflected rays are
directed in such a manner that the net effect cancels out.
The drag in this case is due to the incident radiation only
and is, of course, independent of the momentum reflectivity
A. However, there is additional drag besides the incident
one in the Lambert case. This additional Cp, which results
from the Lambert reflected pressure, is equal to 4A/9 as
shown in Eq. (33).
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Determination of Hot-Gas Temperature
Profiles from Infrared Emission and
Absorption Spectra

Burton KrakOW*
Warner and Swasey Company, Flushing, N. Y.

I. Introduction

E have studied the relationships between the tempera-

ture distribution in a hot gas and the infrared emission
and absorption spectra of the gas, with a view to determining
gas temperature profiles from line-of-sight spectral measure-
ments. Temperature gradients affect the exchange of
radiant energy between different regions of a hot gas and,
consequently, affect the observed spectra. As a result, it
is possible to obtain information about the temperature dis-
tribution in a hot gas from a study of its emission and ab-
sorption spectra.

II. Theory
Emittance equations

When temperature gradients exist in a gas, it is possible
to consider the gas to consist of a series of zones, each of
which is isothermal within the precision of measurement.
If the gradients are steep the regions would have to be small,
but, in prineiple, such a division always can be made. If
we number these zones serially from 1 to n, with zone 1 near-
est the detector, the irradiance of the detector, H(\;), by
monochromatic radiation of wavelength X;, is given! by
Eq. (1)

" i—1
HO\) = 2 Wah, Toll — =01 IT n(Ny) (D)

i=1 h=0
Wi(N;, T;) is the Planck function at wavelength A; and the
temperature 7' of zone 7. 7:;(\;) denotes the transmittance
of zone © at N;. The right side of Eq. (1) is simply the emit~
tance of each zone ¢, as given by Kirchhoff’s Law, multiplied
by the transmittance of the gas between zone ¢ and the de-
tector, summed over all of the zones. For monochromatic
radiation, the transmittance of any number of zones is the
product of the transmittances of the component zones. Zone

zero is the medium between the sample and the detector.

In practice; the measured radiant energy is never truly
monochromatic. Over the finite slit width AN’ of the mono-
chromator used, the Planck function usually can be con-
sidered constant, but this is not true of the transmittance of
a gas. If g(A;, ') symbolizes the spectrometer split function
at \;, and measured quantities are labeled by a subscript m,
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we can write

Ha(\) = |, HOg(\, N)dN
= X Wonliy TlFcn(V) = ROW] @)
where
' ﬁ Ta(N)g(Ns, N)aN
7:(\) = YA k=0

— 3
s 900 M)A

Physically, 7:(\;) is the transmittance of the section of the
sample, composed of zones 0-4, that would be measured at
A; with the slit function g(X;, N) and a spectral slit width
AN, and Wy, (X, T) is the spectral emittance of a blackbody
at T; that would be measured at )\; with a slit function
g(X;, N') and a spectral slit width AN, Since the blackbody
emittance is effectively constant over the values of AN
corresponding to practical slit widths, Wi,(\;, T:) can be
separated into two factors, one of which is independent of
temperature, and the other is independent of slit function.
Thus

Won(h, T = Walh, T [ a0 M)aN @)

Since Wy(\;, T:) is given by the Planck law, a measurement of
the apparent emittance We.(X;, Ts) of a blackbody at any
convenient temperature T can be used to evaluate

TLTRYN
Then, when Eq. (2) is solved for the values of Wy, (N;, T4),
the temperatures can be obtained from the corresponding
values of Wy(A;, T3), and the results will be independent of
the slit funetion.

For an isothermal temperature profile, n = 1, and Eq.
(2) therefore contains only one transmittance 7(X\;), pro-
vided that the optical path outside the hot-gas sample is
free of absorbing gas, i.e., the path is evacuated or flushed
with a nonabsorbing gas so that 7o(\;) = 1. Moreover,
7(X\;) can be measured directly, as can H,,(\;). Equation (2)
then reduces to

Hu(A) = Won(Ay, TH[1 — 7(\)] (2a)

Equation (2a) has the form of Kirchhoff’s law. It can be
solved for the only remaining variable Ws,.(A;, T) from which
the temperature can be determined. This is the infrared
brightness method of temperature measurement.? If Eq.
(2a) is applied to a nonisothermal system, the wavelength-
dependent result is a weighted average of the temperatures
in the sample.

In applying Eq. (2) to a nonisothermal temperature pro-
file, spectral emittance is measured at n different wave-
lengths, having n different sets of values of 7:(\;). This
yields n independent simultaneous equations for calculating
the n temperatures.

The infrared transmittances that appear in Eq. (2) are
themselves somewhat temperature-dependent. Moreover,
of the n transmittances that must be obtained, only one
[7.(N;)] can be measured directly. Therefore, solution of
Eq. (2) requires some a priori knowledge of the transmit-
tances of the molecular species comprising the hot-gas
specimen, particularly a knowledge of how they vary with
temperature. This knowledge may take the form of empiri-
cal data, theoretical formulas, or a combination of these.
Once such information is available, our system of irradiance
equations can be solved for the thermal structure of the
specimen. We have developed and tested the following
iterative procedure for carrying out this solution.



